10. MAXWELL ELECTRODYNAMIC EQUATIONS - OBSERVER’S
MATHEMATICS POINT OF VIEW

10.1 Tensors in electromagnetic fields theory

Let’s consider now Observer’s Mathematics point of view on Maxwell equations and their deriva-
tion.

We follow by classical way and start with four-potential of a field.

The coordinates of an event (ct,x,y,z) can be considered as the components of a four-
dimensional radius vector (or, for short, a four-radius vector) in a four-dimensional space. We
shall denote its components by z* where the index 7 takes on the values 0,1,2,3, and

20 = ct,:z:1 = x,x2 = y,x3 =z

In general a set of four quantities A, A, A%, A% which transform like the components of the
radius four-vector z’ under transformations of the four-dimensional coordinate system is called
a four-dimensional vector (four-vector) A*. Under Lorentz transformations,
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The properties of a particle with respect to interaction with the electromagnetic field are
determined by a single parameter - the charge e of the particle, which can be either positive
or negative (or equal to zero). The properties of the field are characterized by a four-vector
A, the four-potential, whose components are functions of the coordinates and time. Note for
four-vector

A—i == <A07 A17 A27 A3>
we can define four-vector ‘
A' = (AO,AI,AQ,AS)

with conditions
AO - Ao,Al - —Al,A2 - —AQ,AS == —Ag

The three space coordinates of the four-vector A’ form a three-dimensional vector A call the
vector potential of the field. The time component is called the scalar potential; we denote it by

A = ¢. Thus
(L1) ‘
A'=(¢,A)

The quantities A’ are called the contravariant, and the A; the covariant components of the
four-vector which is considered as a tensor. By definition a four-dimensional tensor (four-tensor)
of the second rank is a set of sixteen quantities A%, which under coordinate transformations
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transform like the products of components of two four-vectors. It is similarly defined four-tensors
of higher rank.

We introduce the speed of particle

(L2)
dr
vV=—
dt
where r is radius-vector of particle and
v=v|

When we go to (L2), we note that the probability of the length of vector v (v = |v|) exists
is less than 1 (SP4)

Using action function for a charge in an electromagnetic field we get Lagrangian for a charge
in an electromagnetic field:

(L3)

This function differs from a Lagrangian for a free particle by the terms
E(Aa V) - 6@
c

which describe the interaction of the charge with the field.
Now let’s consider (L3).

For Observer’s Mathematics point of view we proved the following theorem:

THEOREM 10.1. In special relativity, P <L =—(m X, (cXp)) Xpy/1— ”X—””) < 1, where P

cXpcC

15 the probability.
Based on this theorem we have to write down
(L3%)

V Xy U

L=—mx,(cXp,c)Xpq/1l—p +n§31—|—ngxn(A,v)—nexn¢
c

C Xy C

where &3; is a random variable depends on n and m.
We assume that all elements of this equality belong to W,,.
We note that:

- the probability of /1 —, Zi:g exists is less than 1;

- the probability of Zi—z:ﬁ exists is less than 1;

- the probability of £ exists is less than 1.
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So, the probability of equality

V Xy U e

L=—-mx,(cxX,¢) Xpq/1l—p X +n - X (A, V) —p e X, 0
is less than 1.
The derivative
(L4)
OL/ov =P
is the generalized momentum of the particle; carrying out the differentiation, we find
(L5)
p-_"Y + ‘A= p+ ‘A

2 C c
C2

Here we have denoted by p the ordinary momentum of the particle.

The equations of motion of a charge in a given electromagnetic field are obtained by varying
the action, i.e. they are given by the Lagrange equations:

(L6)
d

E(E)L/av) = 0L/0r

Further, we write
(L7)
OL/Or =VL = S(gradA, v) — egrad¢

With correction of a formula of vector analysis
(L8)
grad(a,b) = (a,V)b + (b,V)a+b X rota + a x rotb

by (N7) we get
(L8’)

grad(a,b) = (a,V)b+, (b,V)a+, b x rota+, a x rotb +,
We assume that all elements of this equality belong to W,,.
And remembering that differentiation with respect to r is carried out for constant v, and

we get
(L9)

OL/or = ¢ Xn (V, V) X A+, ¢ X, v X rotA —, e x,, grad¢ +, &35
c c
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where &35 is a random vector depends on n and m.

We assume that all elements of this equality beliong to W,,.
We note that the probability of € exists is less than 1.

So, the probability of equality

OL/0r = ¢ Xn (V, V) X A+, ¢ X, Vv X TotA —, e x,, grad¢
c c

is less than 1.

So the Lagrange equation has the form:
(L10)
d

E(P + Z ) = Z(V, V)A + Zv X rotA — egrad¢

But the total differential (%*)d¢ consists of two parts: the change DA /9t of the vector
potential with time at a fixed point in space, and the change due to motion from one point in
space to another at distance dr. This second part is equal to (dr, V)A.

But the Lagrange equation has the form:

(L10°)

d
—(p +n§ o A) = Z X (v, V)A +, g %, V X TOtA —, € X, grade 4+, Ex

where 36 is a random vector depends on n and m.
We assume that all elements of this equality beliong to W,,.
We note that the probability of € exists is less than 1.
So, the probability of equality
d

E(p +n Z Xp A) = Z Xn (v, V)A +, ; X, v X TotA —, e x,, grad¢

is less than 1.

We have in classical Mathematics

(L11)
dA
— =0A/0t+ (v,V)A
dt
And substituting this in (L10) , we find
(L12)
d
P _ —Eﬁ)A/ﬁt — egrad¢ + v x rotA
dt c c
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But we get
(L12%)
d
i Xp OA /Ot —, e X, grad¢ +, ¢ X, VX TotA +,, &37
dt c c
where 37 is a random vector depends on n and m.
We assume that all elements of this equality beliong to W,,.
We note that the probability of £ exists is less than 1.
So, the probability of equality
dp e e
— = —— X, 0A /0t —, e X, grad¢ +,, — X, V X rotA
dt c c
is less than 1.

This is the equation of motion of a particle in an electromagnetic field from Observer’s
Mathematics point of view.

This is the equation of motion of a particle in an electromagnetic field. On the left side stands
the derivative of the particle’s momentum with respect to the time. Therefore the expression
on the right side is the force exerted on the charge in an electromagnetic field. We see that this
force consists of two parts. The first part (first and second terms on the right side) does not
depend on the velocity of the particle. The second part (third term) depends on the velocity,
being proportional to the velocity and perpendicular to it. The force of the first type, per unit
charge, is called the electric field intensity; we denote it by E. So by definition,

(L13)
E= —lﬁA/at — grado
c

The factor of 7 in the force of the second type, per unit charge, is called the magnetic field
intensity. We designate it by H. So by definition,

(L14)

H = rotA
We assume that all elements of equalities (L13’) and (L14’) belong to W,,.
We note that the probability of % exists is less than 1.

The equation of motion of a charge in an electromagnetic field can now be written as

(L15)
Z—It) = ¢E + Ev « H
But the equation of motion of a charge in an electromagnetic field can now be written as
(L157%)
C;—IZ = ><nE+n§ Xn v X H+, &7+, 07
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where 6% is a random vector with coordinates (82, d,d2) .
We assume that all elements of this equality beliong to W,,.
We note that the probability of € exists is less than 1.

So, the probability of equality

d
d_I;ZBX"E+”;X”VXH
is less than 1.
And now we have
(L15”)
dp

where £33 = £37 +, 0% is a random vector depends on n and m.
We assume that all elements of this equality belong to W,,.
So, the probability of equality

dp

e
—=ex, E+4+,-x,vxH
dt c

is less than 1.
From the expressions (L13) and (L14)
it is easy to obtain equations containing only E and H. To do this we find rotE:
By (L13), (L14) we get
(L16)
rotE = —% X, (0/0t)rotA —, rotgrad¢ +,, £39

where £39 is a random vector depends on n and m.

We assume that all elements of this equality beliong to W,,.
We note that the probability of % exists is less than 1.

So, the probability of equality

1
rotE = —— x,, (0/0t)rotA —, rotgrad¢
c

is less than 1.

But in classical Mathematics the rot of any gradient is zero. Consequently,
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(M1)
rotE = —éaH/ﬁt

Taking the divergence of both sides of the equation
H =rotA

, and recalling that in classical Mathematics divrot = 0, we find

(M2)
divH =0

In Observer’s Mathematics we get
(M1’)
1
rotE = —— x,, OH /0t 4, {39 +n &8
c

and
(M17)
1
rotE = — %n OH /0t +,, &40

where &40 = &39 45, &og 1S a random vector depends on n and m.
We assume that all elements of this equality beliong to W,,.
We note that the probability of % exists is less than 1.

So, the probability of equality

1
rotE = —— x,, 0H/0t
c

is less than 1.
We also find

(M2°)
divH = 530

We assume that all elements of this equality belong to W,,.
So, the probability of equality

divH=20

is less than 1.
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Two last equations - (M1”) and (M2’) - are the first pair of Maxwell’s equations in Ob-
server’s Mathematics.

We now introduce the notion
(L17) '
F'* = 0A)0x; — 0A; ) 0xy,
The antisymmetric tensor F'%* is called the electromagnetic field tensor.

The meaning of the individual components of the tensor F* is easily seen by substituting
the values

A; = (9257 _A)

in the definition (L17).

The result can be written as a matrix in which the index i = 0,1, 2, 3 labels the rows, and
the index k the columns:
0 E, L, E,
—-FE, 0 H, -H,

ik _
(L18) F** = _E, —H. 0 o,
-k, H, —H, 0
and
0O —-E, —-E, —E,
(L19) Fy, — E, 0 H, -H,

E, —H. 0 H,
E. H, —H, 0

Instead of treating charges as points, for mathematical convenience we frequently consider
them to be distributed continuously in space. Then we can introduce the "charge density" p
such that pdV is the charge contained in the volume dV. The density p is in general a function
of the coordinates and the time. The integral of p over a certain volume is the charge contained
in that volume.

Multiplying the equality
de = pdV
on both sides with dz* (dx? is 4-vector):
(L20)

dz’

dt

dedx’ = pdVdx' = pdV dt
On the left stands a four-vector (since de is a scalar and dz’ is a four-vector). This means

that the right side must be a four-vector. But dVdt is a scalar, and so ,odd—f is a four-vector.
This vector (we denote it by j') is called the current four-vector:
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(L21)
dz’
dt

3

J =0

The space components of this vector form a vector in ordinary space,
(L22)
J=pv
where v is the velocity of the charge at the given point. The vector j is called the current
density vector. The time component of the current four-vector is cp. Thus
(L23) ’
J' = (cp.J)
This vector is called the current four-vector, which is considered as a tensor.

In finding the field equations with the aid of the principle of least action we must assume the
motion of the charges to be given and vary only the potentials (which serve as the "coordinates"
of the system) ; on the other hand, to find the equations of motion we assumed the field to be
given and varied the trajectory of the particle.

We can write the variation of action S as
(L24)

1 1. 1 .
— Y A__sz kA Q
5S C/(cj(s i = - F"0/02*5A)d

The second of these integrals we integrate by parts
(L25)

1 1. 1 , 1 ;
55— L / G+ Lort g aa0 — L / FE5 A,
c C 47 47e

By (N2) and theorem 7777 we get
(L25%)

1
(4 %, ™) X, C

1 (1 . 1 : . .
58 = —— / (= Xnj" +n = OF™® |02 4, €1)) X 6 A; Xy dQA—, /F’f X 0A; Xy dS
& m

c n

where &, is a random variable depends on n and m for each 1.
We assume that all elements of this equality belong to W,,.

Also number 7 here is a standard 7, but with only n digits in the decimal part of the fraction:

So, the probability of equation
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35 = 2 [ G xud b o OF™024) 0 8, A= o
C

c X T (4 X, T) Xy €

L/lﬂkxnéAixndSk

is less than 1.

In the second term we must insert the values at the limits of integration. The limits for the
coordinates are at infinity, where the field is zero. At the limits of the time integration, that is,
at the given initial and final time values, the variation of the potentials is zero, since in accord
with the principle of least action the potentials are given at these times. Thus the second term
in (L25’) is zero, and we find

(L26)
1 . 1 )
iy il sz k A.dQ =
]/(cj +-4Wa /Ox")0A;dQY =0

Since according to the principle of least action, the variations 0 A; are arbitrary, the coeffi-
cients of the dA; must be set equal to zero:

(L27)
" 4
OF™* |9z* = -
We get
(L26°)

OF™ 02" +,, €4)6 4;dQ2 = 0

/(1>< by
c nJ "dx, T

We assume that all elements of this equality belong to W,.
So, the probability of equation

1 : 1 :
Y F*027)5 Ay dQ) =
[ G xad a0 j0a4)64,00 = 0

is less than 1.

Since according to the principle of least action, the variations 0 A; are arbitrary, the coeffi-
cients of the d A; must be set equal to zero:

(L27)

i At
OF™* |0zF = —J

In Observer’s Mathematics that means
(L27)

dx,m ;
J _n§41

OF™* |0xh = —
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We assume that all elements of this equality belong to W,,.
So, the probability of equation

dx,m

OF™ |0z = — .

is less than 1.

Let us express these four (i = 0,1,2,3) equations in three-dimensional form. By (IN3) for
1 =1 we get

(L28)
4r

%8F10/8t + OF" )0z + OF /0y + OF" )0z = ——
By (L28) we get
(L29)

%aEm JOt — OH. )y + OH, 0= — —47” i

In Observer’s Mathematics that means

(L28?%)
1 10 11 12 13 dXnm g 1
— X OF Ot +, OF " |0x +,, OF* /0y +, OF "0z = — J —n &
c
where &}, is a random variable depends on n and m.
We assume that all elements of this equality belong to W,,.
So, the probability of equation
1 10 11 12 13 4 xpm 4
— Xy, OF7 /Ot +, OF " JOx +,, OF /0y +, OF ° [0z = — J
c c

is less than 1.
By (L28’) we get

(L29%)
4 X, T

. 1
Xn Jz —n 542

% X OFy [0t — OH. |0y +n OH, /02 — —

We assume that all elements of this equality belong to W,,.
So, the probability of equation

4
% X O, JOt — OH, [y +n OH, |0z — — 20T

Xn Jo

is less than 1.
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This together with the two succeeding equations (i = 2,3) can be written as one vector
equation

(M3)
1 4,
rotH = -0E /0t + —j
c c
Finally, the fourth equation (i = 0) gives

(M4)
divE = 4mp

And in Observer’s Mathematics that means
(M3’)

1 4 x,, .
rotH = - x,, 0E/0t +, “n T X J tn a2
c c

where &40 = (£l,,3,,&5,) is a Tandom vector depends on n and m.
We assume that all elements of this equality belong to W,,.
So, the probability of equation

4 X,

1
rotH = - x,, 0E/0t +, Xnj
c

is less than 1.
And
(M4)

divE = (4 X, T) X p 40 £y
We assume that all elements of this equality belong to W,,.
So, the probability of equation

divE = (4 X,, ) Xp p

is less than 1.

Tho last equations - (M3’) and (M4’) - are the second pair of Maxwell equations in Ob-
server’s Mathematics. Together with the first pair of Maxwell equations they completely deter-
mine the electromagnetic field, and are the fundamental equations of the theory of such fields,
i.e. of electrodynamics from observer’s Mathematics point of view.

From the Maxwell equations we can obtain the continuity equation.
(L30)
, 1 , A
divrotH = —(0/0t)divE + —divj
c c
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But divrotH = 0 and by (M4)
we arrive at so-called equation of continuity, expressing the conservation of charge:
(L31)

divj+ 0p/0t =0

From Observer’s Mathematics point of view we can obtain

(L307%)
4 X,

1
divrotH = = x,, (0/0t)divE +, divj +, &3
c

C

where &3 is a random variable depends on n and m.
We assume that all elements of this equality belong to W,,.
So, the probability of equation

4 X, m

1
divrotH = ~ Xn (0/0t)divE +, divj

is less than 1.

And we arrive at so-called equation of continuity, expressing the conservation of charge:
(L317%)
dz'vj +n 8p/8t “+n 544 =0

where &4 is a random variable depends on n and m.
We assume that all elements of this equality belong to W,,.
So, the probability of equation

divj 4, 0p/0t =0

is less than 1.
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